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XVIL 0# the Method of correfp&ndent Valm, &c. By Edward 
Waring, M. D. F. R. S. and Lucafian Profefor of the M^- 
ihematks ai Cambridge, 



Read May 28, 1*]%^. 

I. 

I. TN the year 1762 I publirtied a method of finding when 

A two roots of a given equation #«-^^«"'* + f.v"'^* — r#'*~"3 + 

&c,=:o are equals by finding the common divifors of the two 

quantities #**-/j''"^^ + ^^«— ^-.&c., and 0^"""* — »- i/^"*"^ + 

n - 2f^"~"3 ^ &c., and obferved if they admitted only one fimpla 
divifor (# — A), then two roots were only equal; if a quadratic 
{a" — A^ + B), then two roots of the equation became twice 
equal; if a cubic (#— A^^ + B^-C), then t%¥o roots became 
thrice equal ; and !o on : or, to exprefs in more general terms 
what folio%¥S from the fame principles, if the common divifor 

■W WWIl i iW I INWTOI- l li. ilWW .i ll * m mmmm m >. ^ m m mmmmm m.«* m mm^,m<,. . .*M. m ..„m^m^ 

be n — ^'' X ^ - c* X ^ - # X &c,, then r + 1 roots of the given 
equation will be ^^ s+ 1 roots will be c^ t + i will be 4 &c. ; 
and it immediately follows, from the principles delivered in 
the fecond edition of the fame Book, publifhed in 1770, that 
to find when r+i^ v + i^ i + i^ &c. roots are refpe£l:ively equal 
requires r + ^ + ^5 &c. equations of condition, which are dedu- 
cible from the well known method of finding the common 
divifors of two quantities in this cafe of a"" —p^"^^ + f^^""^ — &c.» 
#^ - 1 - fi - jpa^—^ + n- zqa^--^ - &c, of the terms of their 

remainders, &c» 

In 
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111 the book above mentioned the equations of condition are 
gi¥en, which difcovef when two roots are equal in the equations 
,t^ -^^* + gx - r = o, 4^' + f ^* — rx + 1 = 0, x^ + gx^^ - nr + sx «- 1 
a=o, in the two Litter equations the fecond term is wanting, 
which may eafily be exterminated; but it may as ealily be 
reftored by fubftituting for q^ r, s^ &c, in the equation of 
condition found the quantities refulting from the common 
transformation of equations to deftroy the fecond term, 

2, Another rule contained in the fame Book is the fubftitu-* 
tion of the roots of the equation #^"-* — 11— i^^^-^ + ^i — zga"'^'^- 

— &c. = o refpe^tively for a in the quantity a'' -^pa""-^ +ga"'^^ - 
&c., and multiplication of all the quantities refulting into each 
other; their content will give the equation of condition, when 
two roots are equal. 

Mr. HuDDE firft difcovered, that if the fucceffive terms of 
the given equation are multiplied into an arithmetical feries, 
the refulting equation will contain one of any two equal roots, 

and m of the m + i equal roots in the given equation. 

3. If 3, % 5, . .r roots of the equation are equal, find 
a common divifor of 3, 4, 5* • • ^ of the fubfequent quantities 

^«,-._^5«--«, + 1^^* - &c., na^"^^ ^n-^ ipa^^ + fi- 2^^"""^ - &c., 
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+ «-2.# — 3.^- 4f ^""^^ ^,. &:c., '. _ .' . n . ^ - i . n - 2 • . 
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^ — r + 2^^-''+^ -- ^ -- I . # - 2 • . # - r + ipa'''^'' + &c, ; which 
will probably be beft done by dividing all the preceding 
quantities by the quantity of the leaft dimenfion of a^ and the 
divifor and all the remainders by that quantity which has the 
leaft dimenfions amongft them ; and fo on : there will refult 
*> 3^ 4, • • r - I equations of condition ; and in this cafe it is 

D d a obferved, 
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Qbferved, iii tlie be fore- mentioned Book, tliat (if the common 
divifor be {a - A)) it will once only admit of 35,4, 5, • . r equal 
root3; if it be a quadratic, then it will twice admit of thofe 
equal roots ; and fo on, 

4. If the roots of the equation of the leaft dimenfions be 
fubftituted for a in the remaining equations, and each of the 
refuking values of the fiime equation be multiplied into each 
other, there will refult the r - i equations of condition : and 
the fame maj be deduced alfo from the feveral equations con- 
jointly. 

The equations of conditions found by the firft method, if 
the divilions were not properly inftituted, may admit of more 
fational divifors than neceffary, of which, fome are the eqnationa 
of conditions required* 
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i> In the year 1776, I publlfhed^ in the Meditationes Ana«^ 
lyticae a new method of differences for the xefolmtion of the 
following problem. 

Given the fums of a fwlftlj converging feries a^+i^^+€:^^ 
4.^^^ + &c,, when the values of x are refpefltively ^^p^ c, &<^»l 
to find the fum of the feries when x. is t, that is, given 

m + W + rr' + &c, &c. ; to find St ^ar + It^ + ct^ + &c. 

To refolve this problem I multiplied the quantities, Sir, S|j, 
Sr, &c. refpedively into unknown co-efficients n^, ^^y, &e, 
and there refulted 
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yea + y(r"^ + y 0" r 4" &Ce 

&c. &c. &c. 

and then made the fum of each of the terms refpedively equal 
to its correfpondent term of the quantity 7a+ t'^& + t^c + Sec. ^ 
and confequently utt + /3p + ycr + &c» = r, air'' + jSp* + ycr"" + &g. 
:=:r% ^7r^ + jQ^^ + yo-^ + &c. =:t^ &c. 1 affumed as many equa- 
tions of this kind as there were given values tt, f, cr, &c. of x ; 
and confequently as many equations refulted as unknown 
quantities ^, /3, y, &c. ; whence, by the common refolution of 
iimple equations, or more eafily from differences, can be found 
the unknown quantities ^, /?, y, &c., and thence the equation^ 
fought ^ X Stt + iQ X S^ + y X S(r + &c. = St nearly. 

5. In the Meditationes are affumed for tt, f, cr, &c. the- 

quantities /, 2/), 3j25, 4^ . . . ;a - 2/, n-ip^ and np iox 1% 
which, if fubftituted for their values in the preceding equa- 
tions, will give ^ + 2/3 + 37 + 43' + &c,=7;, a + 4iQ + 9y+ i6S+| 

&C. = ;^% a + 8iG + 277/+&C.=/^% A5+ l6i9+8ly+&c.=:;^^; 

and if the fums of the feries ax^boo"" -k^cx^ -^hz^ which re- 

fpeftivcly correfpond to the values/, 2^, ^p^ • * •n - ip of ^be 

Si, S2, S3, S4, . • . S^ - I, an4 the fum of the feries ax + bx'^+] 
cx^ + &c. which Gorrefponds to n value of x be Sn ; then wilii 
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Sn '=t nSn - i - «. . Sn-2 + n . — • . Sn — q . . . =& ;/ Sr 

2 2 2 ^ 

nearly, which equation is given in the abover mentioned Book,. 
3. The logarithm from the number, the arc from the fine^. 
im* are found by feriefes of the formula ax + bx^ + cx^ + 8cc. ;; 
and confequently this equation is applicable to them* 

6. 40 ' ^^ 
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4. In the fame Book is affumed a feries ax'^ + h''+^ + c)c''+^{ + 
ife^+3*+&c. of a more general formula than the preceding^ 
and in it for x fiibftituted a^ jG, y, ^, &c-5 m ; and S^, SjQ, Sy^ 
SS^ &c| Sm for the refulting fums^ and thence deduced 
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r 
a, 



X SJ+&C. nearly* 

Con If for r and j be affumed refpeftively i^ the feries be» 
comes ax + h' + cx^ + &CC. of the fame formula as the pre- 
ceding: if r = o and i=i, the feries becomes a + dx + cx^ + 
&c^ The latter cafe will be the fame as the former, when one 
of the quantities (1%) fubftituted for x and its correfpondent 
fum S^, both become =0, and the equation deduced in both 
cafes the fame, 

5. If TT, p, cr, &c, refpe£tively denote r, r+p^ ^ + 2p, • . • 

II n r III ■ IT ■ — m< *mm m wmmmmmitmmmmmm 

r^n-zp^ r-^-H'-ip^ and T = r+^/; and S, Si, Sa, S3, • . ♦ 

S/2 — 2, S/si— I, be the fums either refulting from the feries 
ax + bx^ + cx^ + &c. or the ieries A + ^^ + bx" '\' cx^ + &c,^ wliich 
refpeftively correfpond to the values r, ^+^> r+ 2^r &c. of 
X ; and %n the fum of the fame feries which correfponds to the 



value r-^^np of x:, then will S;^=2 /zS;^ - 1 - /^ . «— St? -zAtH. 

JI>. , _I_Si^-3- .. • ±B . — - Sarp^Si^^S nearly; this 

equation differs from the preceding by the laft terra S Hot va- 
nifhing; in the preceding cale S bfecame = o, lor it was the 
fum of the im^ M'^bx'^c:^'^^ 
^ = 0. 

6. From 
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6. From the Medltationes it appears, thzt r'^-^nxtdtip + 

n . —rzi=.2p '-n . — « - — rd=,^p +&c. to the end of thd 
feries=3 0, if m is lefs than n^ and ;7^ and n are whole nuna- 



bers ; h\xt li m=^n^ then it will 3^ ±i.2.3.4,..;2-i ^np'^i 
whence it is manifeft, that for the n firfl: terms of the feries 
A + ax + bx"" A- ^Q. the equations are true; and for the j^ - i 
firft terms of the feries ax + bx^ + cx^ + &c. and in the fucceffive 
term of both the feriefes they will err by a quantity nearly 
=^^=^i . 2. ^ . . nxp"" X r^"" X co-efficient of the term ; and the 
errors of every fubfequent term (^4+^^) will be nearly as 

^=^m . . • — - . . . -—7 X />« X r-« X co-efficient of 

234 h ^ 

the term a;^"^% if for r, r + ^j r + 2p^ &c. be fubftituted i^ 

r r 



J?. Let the preceding equation ^n^^.n^n— i -n . — - S;? — 
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log. r - 2/ + f/ . ^^ • -^-^ log' r ~ 3/ + &c. =; log* 



r xj^y xr^^ >o- 6/ X 8.C. ^ j^^^ j.^ where ^, /, /^ &c. de^ 

y^p^^r-^^p^ X^'—Sp^ X&c. 

note the co-efficients of the alternate terms of the binomial 

theorem, viz. s^^n . — 5 s =zn . - — . . — -^ &c., and 

2 234 

/ = ;/, /''r:;2 . l!lli . ^Il3 &c. the co-efBcients of the remain- 

2 ^ 



ing alternate terms ; the numerator r xr-2p x r - 4p> x\ 

7^p X &c. = (if N = 2«-0 ^^ ~ P/r^^' + Q;)V^"-^ -- R/V^-3 
• . . L/«--^ X r^--«+'±:Mj&V^---«qz&c. ; and the denominator 
V^'xT^^' xr^ Sf ^ &c. = r^j- p^^^N^i + Q^V^-^ _ 
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K^V«-3 +\ , , L/*-"¥^-^+^(z±: M + I • 2 . 3 . • n-i) p^r^ "^^.^ 
&c., whence the numerator and denominator have the n firfl 
terms the fame, and the next fucceeding terms differ by 

1.2.3../^- ip^'r^'^^ ; the numerator divided by the denomi- 
nator = i±: i: . ^' 3 ■ •''""" - ^^ nearly, if r be a great number in 



a 

r 



proportion to /, &c. it v^ould be + when n is an odd number, 
and -when even. 

8. The logarithm of the fradion K by the common ferles 

'^K- 1 -—^ + --^ — &c. has for its firft term = =&: 



L* ^ ' 3 * ' ^ — I xj&" nearly; for its fecond term the fquare of 

the firft divided by 2, &c. 

9* The error of this equation not only depends on the loga- 
rithm of K, which may be calculated to any degree of exad- 
neCs, but in the calculus on the errors of the given loga- 
rithms. 

10. If r be increafed or diminiflied by any given number,- 
the n firft terms of the numerator and denominator will ftill 
refult the fame, and the next fucceeding terms will differ by 
I , 2 . 3 . 4 . . « - I x^« X r^-^ 

II* Let n . — - numbers be 2, « • . . — ^ num- 

2 2 3 4 

bers be 4, n . ^^ . ^^ . ^^ . ^— • ^--^ numbers be 6, &c.; 
^ 2 3 456 

their fum, the fum of the produds of every two, the con- 
tents of every three, four, five, &c. to ^- i of them; will be 
equal to the fum, the fum of the products of every two, of 

the contents of every three, four, five, &c. to «— lof the 
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following numbers, w;;^. f^ numbers which are i, » . ^— • - 

numbers 
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numbers which are 3, n . ^^ . ^~3 , 1_3 ^ f_4 ^ ^f^j^i^ ^^ 

2345 
5, &c. J and the fum of the contents of every n of the former 

will be iefs than the fum of the contents of everj n latter 

numbers by 1.2*3. 4. .12- i. 

1%. The method given in Art. 4. which I name a method of 
correfpondent values, eafily deduces and demonftrates the pre- 
ceding equations, which cannot, without much difficulty^ be 
done by the preceding method of differences ; the method of 
correfpondent values is much preferable to the method of dif- 
ferences, both for the facility of its dedudion, and the gene- 
rality of its refoliition \ for inftance, from this method very 
eafily can be deduced, &c. the fubfequent and other fimilar 
equations. 

__» —_ ^ " '"■«' 4f 111,1, J J ^ * """" """" jM ,„^ J M „.^ f% mill I iiiiiiii.i 

Ex. I. S# « non — i --^n • — S;^— a + n * — - . — %n — 2 






fi\^ I Z51; o nearly. 






x# 2. bri + m:=:— -.-^^^ x b# — i -* 

* 3 * * ^ ""^ 

...^ — X A X —1— X S/^ — 2 + — — X B X --— S« - 2 - — 5 X G X 

I m + z a MHhJ 3 

^+3 i. c^:: — : , ^-4 ., -n .. ^+4 



. X S?2^ - 4 + — ^ X D X — i^^ X S« - c - &c. nearly, where the 

letters A, B, C, D, &c. denote the preceding co-efficients, and 
the converging feries is the fame as in the preceding example. 
Ex. 3. Let the converging feries be of the formula a^ + bx\ 

. i w wi m wii'i — ■wiii " 'i»» W» w> t\ 11. Ill Mil iiMiiii 1.(11 ~I' I Tur-innriiirnini -r-m — --r-§ 

€X^ ^dx^ 4- &c. ; then will S# zz %n-^%%nr- i -^ %n - i xj 

2«— 4 qz " ' — 2K— 2 2» — 6.^' '^. %n^% 

" ' •" OU <^ 2i "jr ZU -^ I X — — — — X ' "' uM '^ 3 "^ ZU *** I » ■ ■ ■ t 

z z 3 ^ z 

^Iz3 ^ ^flL.S^. -- 4 4. &c. nearly, of which the general term is 

2?f— 2 2?2— 3 Zn — l-hl 2«— 2/ Q— — / 

^/2 ""^ i. • "' ' ■ " """"'■■- • • ' - • • ■-— — — X ■ "" *■ A Or* "** *«■ 

2 3 /-* I / 

Vol. LXXIX. E e Et 
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Ex. 4. Let. the ftries be of the formula A + ^#* + l^* + r/ + 

&€• ; then Will Sn = -^ x %n -• 2 S« — i - ^^^ x 2fi — 1 • '^ I ' ^Jt - 
X S12 --2 + — - ' X 2» — I ♦ . ^b^ - 2 - — z X ar^ - I ., 

2»— 2 , 21« 

' ""' ' •* • '^ — ^ 

3 

term is — x 2^ - i . • —^ . . ^. —z x — -— x S^ — /• 

n 3 3 ^-i i 

Ex. 5,. Let the given feries be of the formula m + kx^ + cx^ 
+ &C, and in it for x be fubftituted J>, -^p, zp^ - a/, 3.^, - j^d, 
. . . ^ np^ — #/ and ^^, and for the funfis of the refulting fe* 
riefes be wrote refpe£tivelj S'^ S~% S^^^S-^, S^, S~3^ ,•,••• S% 
B^% and S^^ ; then will S^ = 



!L-f .i^^ x — — Sn -4 + &C. nearly, of which the .general 
234 -^ ^ 
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n . ?/'— I » «^— 4. »^-- 9 • «^— '16 ..»■ • «"' — «— i'x'2«=l . ,2 • 3 • 4 •■♦'2» 

m—n I m + n—t fn—n—i 



S«~^ + !lzJ xDx ^~"~ i X S-^+^+^l^^xES'-^-ll-^ X 

2 m+n-2 m-n-2 3 



F X ^Zllzl S-o+B - G x^±^~^ X S"-3 + &c. nearly, where 

the letters A, B-^ G, D, &c. refpedively ' denote the 'preceding 
co-efficients. In general, the co-efficients of the terms S"^^+^ 

and S«-^ will be refpeaively M = ^^Zf±l x L x ^zEEE and 

M x ^i^^rwhere'theletters-,Land'M.refpe£tIvelf denote theif 

preceding co-efficients ; the co-efficients are to be taken affirma^ 

tively, or negatively, according as s is an even or odd number* 

Ex. 6. If for # in the preceding feries be fubftituted/, -^, 

WW— T i. i» i n » ^w i [ i.i , ii iw wiiiiwii m i<.» » - — r- "--iiirrr iri<im-ii,.iiiipnfi 

¥» ~ ¥> 3A - 3pj ' "n-ipy -n- ip^ np refpedivelyj then 
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!:• 2 . 3 . 4 . 5 . . • (2w— I) ^ . 

,a m—n — z 

&c. denote as before the preceding co-efficients. The coeffici- 
ents of the terms 8"^''+* and S"*"^* will be refpeftiFely Lx 

f^Z.^^""^ ^ and ^^^ X M X — "= , L and M denoting the pre- 

ceding co-efficients, which are to be taken negatively or affir- 
matively, as i is an even or an odd number. In this feries when 
,y=s05 the correfpondent fum=«o, 

Ex. 7. Let th? given feries be of the formula ^ + l^ + <r^'' + 

d:x^ + &c. ; and in it for x be fubftituted ^5 p, — ^, zpj — 2/, 3^*, 

— jl^ , ♦ • «^, --pp and 1^^, and for the fums of the refultingfe- 

riefes be wrote as before S", S% S""% S^, S"*"% . • . S% S~"\and 



S«. tfieii will S^ = 
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n . f/— 1 . rf — 4 . r/— 9 • , . («^ — ;i— i^) x 2« 



X S-« + A X !^ X $+« - ^ X B X -J'^Zl- 8-"+' - &c. this feries 

obferves the fame law as the feries given in Ex. 5. and only 
differs from it by the laft term So not vanifhing, that isj 
being =0. 

Ex. 8 Let the feries be of the preceding formula a + i^ + 
cx"^ + dx^ + &cc.^ and in it for \:v be fubftituted o; p^ -p; 2pf 

— 2/ ; 3J^, — 3^ 5 • . . # — 1^5 - ^ - I/, np^ and mp^ and the 
fums refulting be So, Si, S"-%S% S""% . . S"^ S-^+% S« and S««; 

""""" 2 -———-—- • _^ ^ ..r,iir,'i: : : J ;£ 

then will Sm=: — t— _._.i:_2..— --5'^ - A x ^ • x 

g_«4.i _ ^^^ |.|^g i^^^^g feries as in Ex. 6» and differs from it only 
by the laft term So not vanifhing. 

E e a Ex. 
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Ex. 9, Let the feries be of the fame formula^+ ^Af -f-f#* + 1/^^ 4. 
&c. and In it for .v he fubftituted ^, -^, 3^, - 3^5 5/, - 5/, fp^ 
- 7J&, • . . • 72^5 - ^/ and mp ; and the fums refulting be S% S""% Sh 
S-3^ Ss, S-5, S^ S-\ • • • • S% S-^ and S-; then will S^3 



;§g^— I . m^' -g . #1^—25 . ^^ — 49 • . . , m^-^n-^z xm + n 



fi'—i .n'—g . «*— 25 . n^—4g. . . . «"— «— 2 X2«=2"xi . 2 . 3.4. 5. .« 
xS''-Ax^Z.«xS-"-- xBx "'+".xS''-» + Cx"'""+'^ xj 

S-«+* + «z:ix D x"'±^=3xS»-4- E x"'~''+^S-'-+4-.irfF 

I X f!±^ S'-* + ^:i^ X G X 8-"+'^ + "-:i3 J, fj ^ ^+«z_6 ^, 

S«-^-&c. nearly, where the letters A, B, C, D, E, &c. 
denote the preceding co-efficients of the terms S«, S—% S"^""*, 
S-«+% S'S S'^+% S«--"^, &c. refpedively. The co-efficients 

of the terms S^"-^* and 8-^+^* will be M=z'^Zl±l_x h'xl 

s 

^•^""'^•^' and N = M X fr.f±i^; where L, M, and N denote 

»« — W + 21 IW + W — 2# ' 

the co-efficients of the terms immcdiatelj preceding each other, 
that is, of the terms S-^+^^-% S«-^% and S-~«-^^^. The fign 
of the firft co-efficient M will be + or -, according m s h 
even or odd j the fecond term N will have a contrary lign to 
the firft* 

Thefe feries may be made to begin from any term, which 
may be eafily found by the method of correfpondent values, 
and the fubfequent terms from it by the given law ; its pre- 
ceding terms may be deduced from the fame law reverfed, that 
is, by putting the nnoicrators of the fradions multiplied into 
it for the denominators, and the denominators for the nume- 
ratorSf 

. 2 From 



Method of correfpmdent Values ^ &c* %^j 

From thefe different feriefes may be formed, by adding two or 
more terms of the givien feries together for a term of the re- 
quired feries-; which method has been applied to converging 
feries in general in the Meditationes. 

13. The method of correfpondent values eafily affords a refo-. 
lution of the problems contained in Mr. Brigg's or Sir Isaac 
Newton's method of differences. 

Ex. I. Let the quantity be of the formula a'\ bx-Vcx^ -^-dx^ 
^&cz. . ^x^^y^ and ^ + 1 correfpondent values of a? and j; be 

given, njix. p^ q^ r, s^ Sic. of x ; S/, Sj^, Sr, Si", &c. of jj^ ; then 

II ■ I ■ ■ -'II ■ I.I. » -■ ■ ■■■' I II 'I f * » Ill 

Will Vri;^^^— =.== .::..:^ X Sp + - =£ -> ; — ==r ~ X S^^' +, 

p^q , p^r . p-^s • &:c. q-^p . q—r . q-^s . &c. ^ 

9m»mmmmmmm * ■ ■ m wmt n \ ^■iw mn iii li m mm j , n i -i , — n - 1 i mi i .., - - i .. 

x-^p . x-^q , A? ~i . &c, Q sc-^p . X'-q . sc — r . &c. q ^ 

^ — '~~"z — • '^'"TT- — u ' ■ X Df* -f- - — • — — ~ ^ijr-— :■: -,. »i «-., -■— — - X'Oi" "T*A%i^C» 

r— -|> » r — q , r— i , &c. j-— /> ♦ s—q . ^ — / . &c,. 

The truth of this problem very eafily appears by writing 
p9 ?9 ^i ^5 &c. for X in the given feries. 

All the preceding examples may be applied to this cafe, by 
writing x for m in the given feries ; hence the refokuioos of 
feveral cafes of equi-diftant ordinates by eafy and not inelegant 
feriefes, amongft which are included the two cafes commonly 
given on this fubjec^:, 

14. If a quantity be required, which proceeds according to 
the dimeniions oi x, reduce the above given value oi y into a 
quantity proceeding according to the dimeniions oi x^ and 

there refultsj/ = (t===^ — -^ — - — t- .r- 4^: ^ .. : . 

^p — q p — r , p — s . ScCnZzA q—p • ^ — r , q—s . &c.:z:B 

+ __________ _J_ . „ _1_ .^rr* \ V V^' 

csii;;;;^:;;:; — -— ;----■ — - . :,'~- ■ -f .^^.zzz '^ i^ . . ii zr " — -. • ;~':;; i; .- •- ' • ""y"ULv» J /\ .t4» ■ "■"• 

r'—p . r — .:■■ , r — i" • &c.zzC s-^-p . i — |f . s — r • &c.rzD 

/S/.' X f 4- ^' + 1 + &c. Sq X^ -|- r -|-. J -|- &c. Sr xp-f-q-^ s-^- o'C, 

I •«»»»»^^«-.-inii , £.1, . ..»j»»».»»a»«CT1»e I I I I T I ll II— ■iilmj «»««»<«.-«»»»>««»««»»«»>'«»>■ ■■'-««t-»«»«»"«~»* i"' — im-m i n- ii J I—I i»'* » ■ """ ■■» • " "" ■ ■ ■ " " '■'— "■ i - •w|*l* 

V A ^ B ^ C 
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B ^ ■■, • C . . ^ D , . , ■ ^ ^ ^ 

,XA I^^A ^ B ^ C ^ D ^ 

&€.) .?^-3 4- &c* 

The law and continuation of fhls feries is evident to any 

one verfant in thefc matters from infpe£tion. 

Thcfe fracliotis may be reduced to a common denominator by 
fubftitutiog for S;^ and A the products S^ x P and A x P, where 
P =^7' . g-s . r -s . &c, ; for Sq and B the produ£ls Sf x Q 

and B x Q, where Q^=/3> ^p^s . r~^s . &c. ; for Sr and G 

-nii"iM]iii.oiiiL.ij.iiii Ill ■■■iimin T«j.i.iiiwiniirTTi.i ini iiiiiiriiiii — - -■■ '-- IIJIJII....^ 

the produfts Sr x R and C x R, where R z=:p -£.^-j*.^-j« 
&c. ; for S; and D the produfts Sx x S^ and C x S^, where S''^: 
p-^^.p-r.^ — r. &c. &c. 

The fractions, in particular cafes, will often be reducible to 

lower terms. 

15, Let y'=ax^ + h^*^^+cx^'^^^+&c.^ and the correfpon- 
dent values of x and j be given as before, then will j = 

/xx~-~gX-^-^~-r^xx~-/xB(C.^^ ^ X a' — / X .v'-Zx^- /x&c. ^ 
p^ xp^^^^x p'-r X p^— i^ X &c. f " X f —p' X f'- /- f -/ X &c. 

■ ^^ -yrp X . / ^ ^^- X x^'-y X &c. ^ g^ , t^'^'-P^ xa-- ~f-xT~Px&c, 

Si + S^c. 

This feries may in the fame manner as the preceding be 
reduced to terms, proceeding according to the dimenfions of 
X ; and the feriefes given in the examples may (mutatis mutan- 
dh) be predicated of it, 

16. A more general method of correfpondent values is given 

mmmmimmim'mumm fm mm m mnwm ni ii iwK ii ■— 'lir n MHiu ii u 

p^q ,p^r.p-'-s,kc. 



in the Meditationes, as alfo the fubfequentj 
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&c. as ill Ex. I. ==S^ + (^--/)(T~X.^ + p-xSf)+(^^/) 
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{^-*)(A^-f)(^-r)f-i-- - — -2 — . xS/+.. 

■xSf + — ,'«-L. , ^ xSr+.»i-*^— • — xSj)-&c-' 

The equality of thefe two different quantities will eafily 
appear by finding the co-efficients of both 5 which are mnlti-? 
plied into the fame given value of J' as S^, Sf, Sr, &c, and the 
fame power of x; for with very little difficulty they will in. 
general be found equal. 

It is evident from this refolution that,^ giving the ordinates 
and their refpe£l:ive diftances from each other, the value of 
any other ordinate at a given diftance from the preceding, 
found by this method, will refult the fame, whatever may be 
the point affumed from which the abfcifs is made to begin* 



1. Let a feries be A^ + B^^ + Cx^ + Da?* + &c. of fuch a for- 

V 

mula that if in it for ^' be fubffituted a + i>^ there relults a leries 



~r--4 



Ax a + d + Bx a + i? +Cxa + i> +1) X a + b + &c. = (Aa + 
Ba^ + Ca' + Da + Sec.) x {i+q^ + r/>' + iP+ ti?'+ &c.) + 
{tA-qa + rd' + sa' + ia^ + Sec.) x{A6+Bb^+C6' + lD6'+ &c.) 
then will the feries A;^^+ B^' + CV + Da?* + &c. = A* + 

2B » 2.3C 3 , 24.ABC-8B3 ^ 36C'A^ + 24ACB^-i6B'^ 



1.2 ^1.2.3 1.2.3. 4A^ ^ • 2 . 3 . 4 . SA 

9. 24A^BC'- 4X24AB-C 6 2i6C^ A3 +432 A'B'C^-384ACB'' + 64B^ ^^ 
I .2. 3.4.5. eA-^ •*' "^ I .2. 3 .4.5 ."6. '/A^ 

+ &c. ; 
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B 



-\-8cc.', and the feries i+gx-i-rx'' + sx^^ + fx*+S!CC=: i + - x + 

6CA-aB^ , , I8CAB-8B3 3 36C^A^-8B* ^ 

i8oC^A'B-i2oACB3+i6B5 5 , 2i6C3AH2i6A^C^B^«^288ACB4-f 641^ i 
1.2.3.4. 5A^ I . a • 3 . 4 . S * 6A^ 

The terms of thefe two feriefes can ealily be deduced by the 
fubfequent method. Let Kr^^ + L^"^^ + M^% be fucceffive 
terms of the feries Ax + Bx'' + C:)c^+&:c^^ and K'^^-"^ + L V"^ '^ 
fucceilve terms of the feries i +qx + rx'' + w^ + ^-^^ + &c. ; then 

,,, , - 2A^xBxK'4-6CAK-2B'K , j i wxAxM-Bx^L 

Will M = ===: — -— T — ^ sna Ju* =-— — ^-- — ^ — e 

« . « — I X A ^ 

Cor. I . Let B = o^ and the two feriefes A;^ + Bx^ + Cx^ + Dx^ + 
&c. and i + gx + rx^ + See. become refpedively Ax + ^^-^ C^^ + 

2.3.4.5 A ^2.3.4.5.6.7 A^ 2.3.4.5.6.7.8.9 

X — , a;9 + &c., and i +2-1J x -: a;'' +- — — ~: — - X -riX^-b 

h} 1.2 A I . 2 . 3 , 4 A 

* " " '• " ■ "» ' > -- — ■ "" "' •7 ' X. "rwX "X" OCC» 

1.2.3.4*5.6 A^ 

If in thefe feriefes for A be fnbftituted i^ and for C be fub- 
ftituted ^, there will refult the feriefes ^- -—4.; 

2.3 2-3 

»- — ^- &c., and I - --^ +- — — - Sec. which give the 

2.3.4-5 1.2 1. 2t. 3. 4 " 

line and cofuie in terms of the arc x. 

Cor. 2. Let C = o, and the above-mentioned feries A^+ B^^ +' 

&c. becomes A^ -\ Bx"" # - x -r^^* — — ^ X 

I . 2 1.2.3.4 A"^ J . 2 . 3 . 4 • 5 

B^ 5 . 2' B^ , 2^ B7 g 

A^ 1.2.3.4.5.6.7 A5 I . 2 . 3 . 4 . . . 8 A^ 



2^ . . B^ .. 2^° B'^ 
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-— . — X ri «^''' -*' — — X Ta'^" + Sec. The law of 

I , 2 . 3 . 4 . . io A^ I . 2 * 3 • . 1 1 A^ 

this 
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tills feries Is, firflj that every third term vanlfhes j and, fe- 
coodly, the figns of every two fucceffive terms chaoge alter-* 
iiatelyfrom + to - and -*- to -f ; andj laftly, the co-efficient 

t)f the* term ^« is •— ^ X — — j and the feries i + 9^ + rx^ 

B 2B* ^ 2^B^ ^ 2^B^ 

'Hh &c. becomes i + -x^ -^ a;^ ^ ^ ^^ -....:.-; . a?* 

A I , aA^ J . a . 3 A^ I • 2 ,♦ 3 . 4A^ 

I . a . 3 . 4 . %h? 1,2.3.4.5. 6A^ I . 2 . 3 . . jhJ 

&c. In this feries the figns of three fucceflive terms alter- 
nately change from + to *- and - to + ; and the co*efficient 

ff ■*» W ft •"" % T)^ 

of the term x' is — -- or '- ■'— — ■ according as n is 

i.a.3.»A 1.2.3,. "^" 

divifible by 3 or not* 

2. Let a feries i + Rv + Qa?* + R^' + Sa;* +• TatJ + &c. be of 
fuch a formula, that if in it for a: be fubftituted a-^b, there 

refults a feries i+Px<? + i5' + Qx^ + /^' + Rx^ + / + Sx«n^* 
4-&c. = (t-{-P« + Q£*+R<?' + S«*+&c.) x(t4-P^+Q^'4-R^' 
+S^'+&c.)-|-(Ac2-f B^'4-C^'4-D«'-|-&c.) X (A^+B^^+G/J^ 
-f D/$*-f &c.), then will the feries Ax-\-B£-^Qx^-\-T>x''\^ 

&c. := AA..4- B;c^4-f ^ -^ ^1+ A X ^^1 ^'4-25!ll2£^il±^' ^ 



«lMMi*MlllllMi 



A^P^xB 



J^*4-&c.,and theferiesi4.PA;+Q^*:4.RA^'-^&c*=s I + 






P. + ^.-+J*!±Zi5^:±£!^.+l!l±|^Il,. + &, Let 

K^x?"—^ 4- LAr'~'-4"M'^'' ^2 fucceflive terms of the feries Axs-^-Bx" f» 
C^'4-&c., and KV-* 4- LV-^'^-MV fucceflive terms of the 
feries 1 4-P'^+Q^^H-R'»'+&c. ; then will A X L-f-P xt/^n 

X M' and B x K-f Q x K'j^ » . ^^ x M' exprefs the law of the 

ieriefes. 

Vol. LXXIX. F f Cor* 
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Cor. Let 11=09 then the feries, A^4-B^^4'C;v^^}~.D^'=A x' 

^ » 2*3 '1.2.3.4,5 1. 2*3. 4. 5. 6.. 7 » ^* 

and the ferles i4-P'^+Q^*+^^^+^^»= ^ +P^+~-^ 

i»2.3 1.2.3.4 » 1.2.3.. ^5 *i.2.3..o 

4-.&C. ; the- CO- efficient of the term ^ will be (P^'4-A^)^or P 



II— . I 



i X (P"" + A^) * , according as ^ Is even or odd. 

If in the equations before given for x be fubftitnted ^ = I 
inftead of ^-f ^^ then in the other quantities for b fubftitut^ 

3. If in Cafe 2. the difference between the two quantities 
(1 + P^+Q«' + &c.) X (i +P^ + Q^^4-&c.)and(A^H-B<?'+C«^ 

+ &c.) X ( A^ + BF + C^' + &c.) is affumed= i + P x Wb + Q^x 

a + b +&C., then in the feriefes before given for A, B, C, &c* 

\ , ,1 ,,.,„„„i ■ II ' „ ,„ ,1 .,,,.,.,,,.,. 

write refpedively %/ - i A^ \/ - iB, v^ - iC, &c., and there 
will refult the correfponding feriefes. 

The fame principles maj be applied toteany otKer cafes* 

4, Equations of thefe formula may be ufeful, when the 
fums of the feriefes cdrrefpondent to a value (4^) of ^ are 
given, and the fums of the ferles correfpondent to a value 
(a + b) of X is required, b having a fmall ratio to a : for inftance, 

let the given feries be x-- 1 .^ ■ — + &c.; the 

^ 2 . 3 2 . 3 • 4 • S ^ • 3 • • 7 

equation found in the firfl cafe is^ + ^ — ■ + -^ — - — - -- 

^ 2^* 3 ^•3-4 -S 

^ 2.3 2.3.4.5 /^V, 1.2 I-. 2.3.4 ^-^ 

but 
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■|3ut^ — -^ + -~ — -^— &C..5 and i^-f— 4. — t &c. are 

^•3 3.3.4.5 , i.a 2-. 3.4 

the fine (j) and cofiae (t) of an arc ^ of a circle wkofe radius 
is I ; and, conftqueatlj, if the fine i and cofine c of an arc a 

be given, the fine of zi\ arc (a + b^^s x (i — — +~ &c.) +■ 

c(J)^.—^^^^ — ,1 &c.)j which feriesj if ^ be very fmall 

ill proportion to a^ converges much fafter than the common 
ferics for finding the fine from the arc : it has been given from 
ditK rent principles in the Meditationes, and is alfo eafilj dedu- 
cible iTom the feries for finding the fine and cofine from the 
arc by the propoficions ufually given in plan^B'igonometry : 

the cofine of the fame arc (^ 4-^)=:^ X (i -..—-4 — &c,) 

^ ^ I • a 2.3.4 ^ 

^ i.a.a 1,2.. 1: ^^ 
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■■■■Ex. 2, 'Let the feries be a + b+ -Ii— + Z + &c. -^^ 

2.3 2.3.4.5 

fa +^4-.^ — ^ + &c.x(i+ — + — — + &c.) +J 

^ 2.3 2.3.4.5* ^ \ ^1.2 1.2.3.4. ^* 

(I +^ + , ± 4.-&C.) X(^+ — ^ + ^ ; + ■&€.) I 

^ 1.2 1.2.3.4* /^ 1.2.32.3.4.5 ^ 

but/j + — - — . + &c.)=«^, and i+ -^ + ^— -— + &c. =1 

'1.2.3 'i. 21. 2.. 3. 4 

\/i +x% if a be the hyperbolic log. of x-\-s/i +a?^ ; therefore 
^ '^.3^^2.3.4.5^ A/^2 2-3-4 

2-3 



A3 . hi 



Ixt ^4 + j- &c. = y, and (x + \/i +x' x 

2.32.3.4-5 -^ 

— —3 — Y7' 

(y + v/i+y) = V, then will *i + ^ + ^^-i^ + —^ + &c. = 

^ V _ L 

Ffz 5. Let 



184 ^^^^ Waring on the Methoi^ &c. 

5* Let a quantity P be a funftion of x^ or the fluent of a 
fundion of x%x^ and the value X of it when 'X :=:a be known^ 
and the value of it when x^a-\-bhc required^ Find a feries 
of which the firft term is X, and which proceeds according to 
the dlmenfions of ^, Mb be a very fmall quantity, and hi 
general at leart fo fmall that the feries from.%' = ^ to x^^a'-^-B 
neither becomes infinite or o. 

In the fame manner, if an algebraical or fluxional equation 
or equations, expreffing the relations between x^y^ %, v^ &c. 
be given, find the correfpondent values of j, %, v^ &c. to xzza-y 
which let be Y, Z, V, &c.; then find feriefes for j, %, 1?, &c* 
of which the firft terms let be Y, Z, V", &c. refpedlively, and 
which proceed according to the dimenfions of b^ but fubje£t to 
the fame conditions as in the preceding cafe. 

From fluxional equations may be deduced feries which exprefs 
the value of y^ &c. in terms of ^5 and always diverge, or 
always converge, whatever may be its value, as appears from 
the Meditationes* 




